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The controversy between the theory and experiment in explaining the origin of enhanced
flexoelectricity is removed by taking into account the pseudo Jahn-Teller effect (PJTE) which,
under certain conditions, creates local dipolar distortions of dynamic nature, resonating between
two or more equivalent orientations. The latter become nonequivalent under a strain gradient thus
producing enhanced flexoelectricity: it is much easier to orient ready-made dipoles than to polarize
an ionic solid. For BaTiO3, the obtained earlier numerical data for the adiabatic potential energy
surface in the space of dipolar displacements in the Ti centers were used to estimate the flexoelec-
tric coefficient f in the paraelectric phase in a one-dimensional model with the strain gradient along
the [111] direction: f¼0.43 106Cm1. This eliminates the huge contradiction between the ex-
perimental data of flCm1 for this case and the theoretical predictions (without the PJTE) of
3–4 orders-of-magnitude smaller values. Enhanced flexoelectricity is thus expected in solids with a
sufficient density of centers that have PJTE induced dipolar instabilities. It explains also the origin
of enhanced flexoelectricity observed in other solids, noticeable containing Nb perovskite centers
which are known to have a PJTE instability, similar to that of Ti centers. The SrTiO3 crystal as a
virtual ferroelectric in which the strain gradient eases the condition of PJTE polar instability is also
discussed.VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4905679]
Flexoelectricity, polarization of centrosymmetric dielec-
tric solids under a strain gradient, first suggested long ago,1
gained attention just recently, when it was shown that it
affects significantly the properties of dielectrics, and it may
have interesting applications (see Refs. 2–25 including
reviews of Refs. 2–7 and references therein). The physical
origin of flexoelectricity is, in general, quite transparent: a
strain gradient removes the inversion symmetry of the lattice
in at least one direction, thus inducing a polar distortion of
the charge distribution. All the theories show that the coeffi-
cient of flexoelectric polarization is rather small, of the order
of nCm1. In a recent paper,8 it is concluded that this is
approximately the upper limit of the flexoelectricity strength
that can be achieved in ionic crystals.
Meanwhile, the experimental measurements of the flex-
oelectricity effect in ferroelectric systems show that it can be
much larger than the theoretical predictions by 3–4 orders of
magnitude.6,7,9–11 The largest effect is obtained in the para-
electric phase of BaTiO3, but it is much smaller in the similar
SrTiO3 crystal, while it approximately follows the theoretical
predictions in the majority of other nonferroelectric crystals.
For BaTiO3, the flexoelectric coefficient f (the component of
the tensor coefficient of proportionality between the polar-
ization and strain gradient in the one-dimensional model)
decreases significantly when moving from the paraelectric
phase to its ferroelectric phases of consequent lower symme-
try and becomes “normal” (of the order of magnitude pre-
dicted by the theory) in the rhombohedral phase. In ab initio
calculations, for the latter, f0.376 0.03 nCm1; for
SrTiO3, f1.386 0.65 nCm1.12
Some of the above-cited authors state that the origin of
this big discrepancy between the theory and experiment is at
present not understood; others relate it to crystal imperfec-
tions assuming that in the paraelectric BaTiO3, there are
polar islands that are reoriented by the strain gradient. An
expert conclusion8 states that “The magnitude of upper
bonds obtained suggest that the anomalously high flexoelec-
tricity coupling documented for perovskites ceramics can
hardly be attributed to a manifestation of the static bulk
effect.” But in a more recent paper,13 using a variety of ex-
perimental procedures including pyroelectric current, it is
shown that the effect is intrinsic (bulk), and it is due to some
polar formations in dielectric solids that exist beyond (and
independent of) the external strain. The authors13 suggest
also some hypothetical causes of this built-in dipolar behav-
ior referring to procedures of the crystal (ceramic) synthesis.
The explanation of the origin of flexoelectricity is thus
full of significant controversies, and we would summarize
them by formulating a question which seems to be illustra-
tive: “Why the flexoelectric coefficients of two very similar
perovskites crystals, paraelectric BaTiO3, and SrTiO3, pre-
pared under the same conditions, differ by several orders of
magnitude?” Of course, there may be some differences
between the paraelectric barium titanate and the very similar
in atomic and electronic structure strontium titanate due to
the difference in the sizes of the two ions, Ba2þ and Sr2þ,
but in the usual theoretical description, this cannot amount to
the observed several orders of magnitude difference in the
flexoelectric coefficient. No one of the papers, cited above,
gives a reasonable explanation of this controversy beyond
the unproved assumption of different crystal imperfections.
In the present paper, we show that the essential controver-
sies in the origin of flexoelectricity disappear, at least on a
qualitative level, when the pseudo Jahn-Teller effect (PJTE) is
taken into account. In treating the lattice-strain interaction, the
papers above do not take into account the details of the local
electronic structure and vibronic coupling that under certain
conditions produce a local dipolar instability and dipolar
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distortions, which in the free system are of dynamic nature,
but become oriented by the gradient of strain. The specific
vibronic coupling effect that leads to dipolar instability in the
dielectric systems under consideration is the PJTE26,27 (regret-
tably, so far, this effect remains unknown to many solid state
researchers).
The PJTE emerges from first principles as an extension
of the Jahn-Teller effect (JTE)26 in which, instead of the
degenerate state, there are two or more close in energy (pseu-
dodegenerate) states. Similar to the JTE, the latter become
mixed by the perturbation of vibronic coupling, resulting
(under certain conditions) in spontaneous symmetry breaking
(SSB). In the simplest one-dimensional case, if the energy
gap 2D between two states j1i and j2i is sufficiently small,
the ground state becomes unstable with respect to low-
symmetry displacements Q of the nuclear framework, for
which the vibronic coupling constant (H is the Hamiltonian)
F ¼ h1jð@H=@QÞ0j2i (1)
is nonzero. The two branches of the adiabatic potential
energy surface (APES) are26,27
e1;2 ¼ ð1=2ÞK0Q26½D2 þ F2Q21=2; (2)
where K0 is the primary force constant characterizing the
stiffness of the system without the vibronic coupling. The
lower branch, under the condition
D < F2=K0; (3)
has two equivalent minima at 6Q0¼ [(F/K0)2  (D/F)2], in
which the system is distorted in the Q direction. If the polya-
tomic system is centrosymmetric and the two pseudodegen-
erate states have opposite parity, the Q distortion leads to the
formation of a dipole moment in the minima.
Not very much attention was paid to this PJTE (it was
considered as a particular case of the JTE) before it was
shown that within the condition of instability (3) the energy
gap 2D may be very large (in some cases instability occurs at
2D10–15 eV (Ref. 28)), and it was proved that the PJTE is
the only source of SSB in polyatomic systems in nondegener-
ate states (see Refs. 26–29 and references therein). Together
with the well-known JTE as the source of instability of sys-
tems in degenerate states, this leads to the two-state para-
digm: at least, two electronic states must be involved in SSB
in polyatomic systems.27
To demonstrate how the PJTE affects the flexoelectric-
ity, we note first that—similar to the simplest case of two
equivalent minima noted above—in any SSB, there are two
or more equivalent directions of distortions with possible dy-
namics of the system resonating between them. In crystals, if
the PJTE-produced broken-symmetry configurations at its
centers are dipolar, their sufficiently strong interaction may
result in ferroelectric phases at lower temperatures, or
remain weakly-interacting centers with resonating, dynami-
cally disordered dipoles. In all these cases, a strain gradient
restores their static orientation, in the same direction for all
the centers, thus polarizing the centrosymmetric system.
Consider the most studied flexoelectric crystal, BatiO3.
For better demonstrative purposes, we employ here the
terminology of the simpler description in the cluster approxi-
mation considering the Ti centers in the octahedral environ-
ment of the six oxygens as the active units;30–32 qualitatively
similar results were obtained recently in a more sophisticated
Green’s functions approach33 in which the Ti center interacts
with the whole crystal via its electronic and vibrational band
structure, and we use below these later results.
For the electronic structure of the octahedral fragment
[TiO6]
8, the molecular orbital (MO) presentation as linear
combinations of atomic orbitals is shown in Fig. 1.34 The
highest occupied MOs (HOMOs) are formed by the atomic
2pp orbitals of the six oxygen atoms. They belong to the rep-
resentations T1u, T2u, and T1g of the octahedral symmetry
group and are denoted in Fig. 1 by t1u, t2u, and t1g, respec-
tively. The lowest unoccupied MOs (LUMOs) are t2g (3d)
orbitals of the transition metal: jyz(Ti)i, jxz(Ti)i, and
jxy(Ti)i. In the regular cubic configuration, these HOMO-
LUMO orbitals are orthogonal and do not participate in the
Ti–O bonding (the bonding is realized via the inner r orbitals
and ionic interactions). Obviously, any off-center displace-
ment of the Ti ion lowers the cubic symmetry and makes
their overlap nonzero, meaning additional covalence in the
Ti–O bonding, thus explaining the origin of the spontaneous
symmetry breaking via the PJTE as due to added covalence.
The latter is the driving force in the spontaneous symmetry
breaking via the PJTE, triggering the local dipolar instability
that produces the ferroelectric polarization of the crystal.27
With the fully occupied HOMO, the ground state is A1g.
Since the three polar normal coordinates of the Ti center, Qx,
Qx, and Qx, transform as t1u, the general PJTE vibronic cou-
pling problem is (A1gþT1u)  t1u, where T1u is the excited
electronic state formed by the one-electron excitation
HOMO ! LUMO (t1u ! t2g). There may be many such
excitations, so the problem is better formulated as the
vibronic coupling of the six HOMOs t1u and t2u to the three
LUMOs t2g via the dipolar displacements Qx, Qy, and Qz.
FIG. 1. Schematic presentation of the MO energy level scheme for the
TiO6
8 cluster in BaTiO3 type crystals with indication of the orbital occu-
pancy. Their HOMO-LUMO PJT mixing under the off-center displacements
of the titanium atom results in a specific APES with eight minima and
two types of saddle points which explain the origin of the ferroelectric
phases and their partial disorder. From I. B. Bersuker, The Jahn-Teller
Effect. Copyright 2006 by Cambridge University Press. Reprinted by per-
mission of Cambridge University Press.
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With the linear vibronic coupling included, the secular equa-
tion of the PJTE yields the following APES30–33
(Q2¼Qx2þQy2þQz2):
U Qð Þ ¼ 1
2
K0Q
2  2
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2 þ 2F2 Q2 Q2x
 q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2 þ 2F2 Q2 Q2y
 q þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2 þ 2F2 Q2 Q2z
 q 
;
(4)
where F—the vibronic coupling constant (cf. Eq. (1)),
F ¼

2pz Oð Þ
 @H@Qx
	 

0
3dxy Tið Þ

; (5)
and D and K0 are defined above.
This three-dimensional APES has a specific form. Under
the condition similar to (3),
D < 8F2=K0; (6)
the surface (4) has a maximum (meaning instability) when
the Ti ion is in the center of the octahedron, eight equivalent
minima placed along the four trigonal axes in which the Ti
ion is displaced toward three oxygen ions (away from the
other three); higher-in-energy 12 equivalent saddle points
along the six C2v axes at which the Ti ion is displaced toward
two oxygen ions (at the top of the lowest barrier between
two near-neighbor minima); and next six higher-in-energy
equivalent saddle points at which the Ti ion is displaced to
one of the oxygen ions along the fourfold axes.30–33 For
BaTiO3, the vibronic coupling parameters were estimated
using the Green’s function description33 and two experimen-
tally determined structural constants: the energy gap
2D¼ 2.8 eV and the vibrational frequency at the bottom of
the trigonal minimum hxð¼ 193 cm1. With these data, all
the other essential parameters were estimated, including K0,
F, the positions of the minima Qx¼Qy¼Qz¼Q0 and first
saddle points Qx¼Qy¼ q0, Qz¼ 0, their PJTE stabilization
energies, and the barrier between them d shown in Table I.
The origin of the specific properties of BatiO3 ferroelec-
trics accumulated in years find reasonable explanations in
the PJTE theory briefly outlined above. Of particular interest
here is the prediction of disorder in two ferroelectric phases
and in the cubic paraelectric phase30,31 (see a more updated
version in Ref. 35). The picture of phase transitions in the
crystal with the APES (4) is as follows.30,31,35 At low tem-
peratures, the Ti ions is positioned in the lowest trigonal
minima of the APES, the ordered dipole moments producing
the rhombohedral ferroelectric phase polarized along [111]
type directions. By increasing the temperature, the lowest
saddle points between the near-neighbor ([111] and [111]
type) minima are overcome, resulting in a macroscopically
averaged orthorhombic phase with polarization along [011].
The averaging means that the local distortions will not be
fully ordered as in the rhombohedral phase, but disordered in
one direction. At higher temperatures, the next saddle point
is overcome and the crystal is macroscopically polarized
along [I00], featuring the averaged (over four near-neighbor
minima) tetragonal ferroelectric phase with the lattice or-
dered in one direction and disordered in the two other ones.
Finally, at sufficiently high temperatures, all the eight min-
ima come into play in the averaging, producing the fully dis-
ordered cubic paraelectric phase.
This result was completely strange and hardly accepta-
ble at the time,30 as it was in controversy with the paradigm
of displacive phase transitions in crystals like BaTiO3. The
predictions of the theory were fully confirmed later together
with a variety of other empirical facts that have no explana-
tion in displacive theories (see Refs. 26, 31, and 33). Of spe-
cial interest here are the experimental conclusions that in all
the phases, the Ti ion is instantly displaced in the trigonal
direction in disagreement with displacive theories in which
the metal off-center displacement occurs as a result of the
phase transition to the ferroelectric phases. This basic con-
clusion was confirmed directly by a variety experimental
methods, noticeable EXAFS,36–38 EPR experiments with
probing ions,39–41 NMR,42,43 neutron scattering,44 etc. Not
only is the Ti ion displaced along the [111] type direction in
the paraelectric phase where the averaged symmetry is cubic,
but it is as well displaced in this trigonal direction in the tet-
ragonal phase where the crystal symmetry and the macro-
scopic polarization are tetragonal.44 The theory was
extended recently to formulate the necessary condition of
coexisting magnetic and ferroelectric (multiferroicity) prop-
erties in ABO3 crystals with B as a transition metal ion in a
dn configuration, n¼ 1, 2,…10,45 that found already confir-
mation in experimental measurements46,47 and ab initio
calculations.
This briefly outlined above picture of ferroelectric
properties of perovskites crystals is directly related to their
flexoelectricity and explains the origin of the big differen-
ces between the observed magnitudes of this effect in at-
face similar systems. To begin with, the criterion of PJTE
polar instability (6) holds well for the Ti center in BaTiO3
(Table I),33 and it does not hold for the same ion in SrTiO3.
The reason of this is straightforward: The size of the Sr2þ
ion that controls the unit cell dimensions is smaller, and
hence, the interatomic Ti–O distance is smaller in the latter
case, and this, in turn, leads to larger stiffness K0 and
smaller F value, both deteriorating the condition of instabil-
ity (6). For the same reason, SrTiO3 becomes ferroelectric
under negative pressure that increases the Ti–O distance,
BaxSr1-xTiO3 becomes ferroelectric when x> 0.45, and the
nonferroelectric CaMnO3 becomes ferroelectric when Ca is
substituted by Ba48 (according to the PJTE theory Mn4þ is
a ferroelectric ion45).
TABLE I. Numerical values of the PJTE vibronic coupling and APES parameters of the Ti active centers in the BaTiO3 crystal.
33
K0 D F hxð Q0 q0 EJT[111] EJT[110] d
55 eV/A˚2 1.4 eV 3.42 eV/A˚ 193 cm1 0.14 A˚ 0.16 A˚ 1250 cm1 1130 cm1 120 cm1
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In the paraelectric BaTiO3, the Ti ions are dipolar dis-
placed in the trigonal minima, but in the macroscopic pic-
ture, the crystal is cubic and centrosymmetric because of
their noted above averaged position due to the tunneling
between the equivalent minima. In this situation, any small
perturbation in the form of strain gradient makes the PJTE
minima nonequivalent, thus violating the conditions of tun-
neling between them and restoring some of the local dipole
moments; the strain gradient acts as a “stop-flow” terminat-
ing a part of the tunnelings. Since the strain gradient has the
same direction for all the unit cells, this leads to the polariza-
tion of the crystal. The data in Table I allow for an approxi-
mate estimation of the energy level splitting by tunneling
between two adjacent minima d0ﬃ 35 cm1.33 For a further
estimate of the flexoelectric coefficient, we assume that the
tunneling is violated when the splitting Ds of the twofold
degenerate energy level in the minima of the APES by the
strain gradient g¼ dS/dx reaches a reasonably significant
value, as compared with the tunneling splitting d0. Because
of the exponential nature of the latter, we assume that the
restoration of the dipole moment of the unit cell d by the gra-
dient g along the [111] direction follows approximately the
relation d¼ d0[1 exp(p)], where d0 is the dipole moment
of the unit cell with the Ti ion at the minimum position and
p¼Ds/(d0Ds), so that at Ds¼ 101d0, the almost full polar-
ization d¼ 0.9d0 is restored (the order of magnitude of the
results is not strongly affected by this choice). Introducing
the coupling constant between strain-gradient and energy
e¼ dE/dg, we get the strain-gradient-induced splitting as
Ds¼ 2ge. On the other hand, the strain energy E can be esti-
mated from the data obtained above. In polar normal dis-
placements along [111], Q is the normalized difference
between the Ti and three O ion displacements, so the strain
is equal to DS¼Q/a, where a is the lattice constant, and the
derivative gDS/Dx¼Q/a2. The gradient-strain induced
energy is E¼ (1/2)K0Q2¼ (1/2)K0a4g2, wherefrom we get
the strain-energy coupling constant e and the energy level
splitting Ds¼ 2ge. Then, from the equations Ds¼ 101d0 and
P¼ f g, we obtain the final formula for estimating the ap-
proximate value of f
f ¼ ðd0=aÞð20K0=d0Þ1=2; (7)
where we used the expression for the polarization P¼ d0/a3.
The dipolar minimum position from Table I is x0¼ 3Q0,
and the effective (Born) charge of the Ti ion is Z*¼ 8.7e,33
hence d0¼3Z*eQ0. With these numerical values of the
parameters and K0 from Table I, we get the following esti-
mate: f¼ 0.43 106Cm1.
Thus, instead of (and in addition to) producing a polar
charge redistribution in a rigid cubic crystal of the order of
nCm1, the strain gradient in the paraelectric phase of a
PJTE ferroelectric just recovers the virtual local dipole
moments (suppresses their dynamical averaging), inducing
the ferroelectric polarization of the order of lCm1. This
removes the main controversy in the theory of flexoelectric-
ity explaining the origin of the 3–4 orders of magnitude
larger flexoelectric coefficient f in paraelectric BaTiO3 as
compared with nonferroelectric crystals. Note that under an
electric field gradient, the mechanism of polarization of
paraelectric BaTiO3 is quite similar to that described above
under strain gradient explaining the proportionality between
the flexoelectric coefficient and permittivity.
As the PJTE is of local origin, the enhanced flexoelec-
tric effect takes place everywhere the PJTE produces local
dipolar distortions, and the density of such PJTE centers is
high enough for experimental observation. Very similar to
BaTiO3 are the ferroelectric properties of the KNbO3 per-
ovskite crystal (BaTiO3 and KNbO3 were the first two
crystals in which the order-disorder nature of the phase
transitions predicted in Ref. 30 was observed by X-ray dif-
fuse scattering49); the NbO6 centers have a qualitatively
similar to the TiO6 PJTE polar instability producing local
dipole moments. This explains the origin of the enhanced
flexoelectricity in perovskite systems that contain a signifi-
cant amount of NbO6 centers, e.g., Pb(Mg1/3Nb2/3)O3
14 and
(Bi1.5Zn0.5)(Zn0.5Nb1.5)O7/Ag.
15 As mentioned above, the
SrTiO3 crystal is not ferroelectric, but it is a virtual ferro-
electric becoming one under negative pressure or with Ba
impurities. This means that the PJTE in its Ti centers is not
strong enough to obey the inequality (6) and produce dipo-
lar instability, but its values D and 8F2/K0 are close, so the
criterion of the PJTE instability D< 8F2/K0 may be induced
by the strain gradient. Indeed, the latter is softening the
crystal in at least one direction thus lowering the K0 value,
hence allowing dipolar distortion (polarization) in this
direction. This explains (qualitatively) the order of magni-
tude larger flexoelectric coefficient in this crystal12 as com-
pared with expected in the theory without the PJTE. The
assumptions in some publications cited above (see, e.g.,
Refs. 13 and 14) about possible polar formations in the bulk
crystal that are responsible for the enhanced flexoelectricity
in a way resonate (are compatible) with the results of this
paper. Obviously, many other crystals with dipolar centers
of PJTE origin including organic and biological systems
may have similar enhanced flexoelectric properties.
In conclusion, the PJTE under certain conditions pro-
duces local dipolar distortions of dynamic nature that in the
average do not remove the inversion symmetry of the solid,
but a strain gradient suppresses this dynamics restoring the
static dipole moment, thus leading to polarization and
enhanced flexoelectricity. Estimates for paraelectric BaTiO3
show that this effect explains the origin of 3–4 orders of
magnitude higher flexoelectricity in solids with PJTE centers
and eliminates the controversy between the theoretical pre-
dictions without taking into account the PJTE and experi-
mental measurements of this property. Enhanced
flexoelectricity is expected in any centrosymmetric solid
with a sufficient number of dipolar unstable PJTE centers.
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